Convergence Theorems for Strongly Pseudo-contractive and Strongly Accretive Maps  by Chidume, C.E.
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 228, 254]264 1998
ARTICLE NO. AY986130
Convergence Theorems for Strongly Pseudo-contractive and
Strongly Accretive Maps
C. E. Chidume
The Abdus Salam International Centre for Theoretical Physics, Trieste, Italy
E-mail: chidume@ictp.trieste.it
Submitted by William F. Ames
Received April 30, 1998
Suppose E is an arbitrary real Banach space and K is a nonempty closed convex
and bounded subset of E. Suppose T : K ª K is a uniformly continuous strong
 .  4  4  4  X 4  X 4pseudo-contraction with constant k g 0, 1 . Suppose a , b , c , a , b , andn n n n n
 X 4  .  .c are sequences in 0, 1 satisfying the following conditions: i a q b q c s 1n n n n
X X X  . X X  .s a q b q c ;integers n G 0; ii lim b s lim b s lim c s 0; iii Sb s `;n n n n n n n
 .  4`iv Sc - `. For arbitrary x , u , ¨ g K, define the sequence x iterativelyn 0 0 0 n ns0
X X X  4by x s a x q b Ty q c u ; y s a x q b Tx q c ¨ , n G 0, where u ,nq 1 n n n n n n n n n n n n n n
 4  4¨ are arbitrary sequences in K. Then x converges strongly to the unique fixedn n
point of T. Related results deal with the iterative solutions of nonlinear equations
involving set-valued, strongly accretive operators. Q 1998 Academic Press
Key Words: Strong pseudo-contractions; strong accretive operators; Ishikawa and
Mann iteration processes; strict hemicontractions
1. INTRODUCTION
Let E be a real normed linear space, K : E. A mapping T : K ª K is
called strongly pseudo-contracti¨ e if there exists t ) 1 such that the in-
equality
5 5 5 5x y y F 1 q t x y y y tr Tx y Ty 1 .  .  .  .
holds for all x, y g K and r ) 0. If t s 1, then T is called pseudo-contrac-
ti¨ e. Apart from generalizing the nonexpansi¨ e mappings i.e., mappings U:
5 5 5 5 .K ª K for which Ux y Uy F x y y holds for each x, y g K , the
pseudo-contractive maps are characterized by the fact that a mapping U is
 .pseudo-contractive if and only if I y U is accreti¨ e on the domain of U,
where I denotes the identity map of E and where a mapping U with
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 .  .domain D U and range R U in E is called accreti¨ e if the inequality
5 5 5 5x y y F x y y q s Ux y Uy 2 .  .
 .holds for every x, y g D U and for all s ) 0. Because of this firm
connection between the accretive operators and the pseudo-contractive
maps, recent interest in the mapping theory for accretive operators,
particularly in connection with existence theorems for nonlinear ordinary
and partial differential equations, has motivated a corresponding interest
 win fixed-point theory for pseudo-contractive mappings see e.g., 1]23, 25,
x.26, 30]36 . For a Banach space E we shall denote by J the duality map
E*  5 5 2 5 5 2  :4from E to 2 defined by Jx s f * g E*: f * s x s x, f * , where
 :E* denotes the dual space of E and ? , ? denotes the generalized duality
w xpairing. We remark that as a consequence of a result of Kato 24 , the
 .accretive condition 2 can be expressed in terms of the duality map as
 .  .  .follows. For each x, y g D U , there exists j x y y g J x y y such that
  .:  .Ux y Uy, j x y y G 0, where I denotes the identity operator on D U .
A mapping T : K ª K is called strongly pseudo-contracti¨ e with constant
 .  .k ) 0 if for each x, y g K there exists j x y y g J x y y such that
 : 5 5 2I y T x y I y T y , j x y y G k x y y . 3 .  .  .  .
 .Without loss of generality, we may assume k g 0, 1 . If U: E ª E is
 . .accretive and I q rU E s E for all r ) 0, then U is called m-accreti¨ e.
 w x.It is well known see, e.g., Deimling 15 that if K : E and T : K ª K is a
continuous strong pseudo-contraction, under suitable conditions on K and
E, T has a unique fixed point. Furthermore, if T : E ª E is continuous
and strongly accretive, then T is surjective, i.e., for a given f g E, the
equation
Tx s f 4 .
w xhas a unique solution. Martin 29 also proved that if T : E ª E is
continuous and accretive, then T is m-accretive, so that the equation
x q Tx s f 5 .
has a unique solution for any f g E.
Within the past 10 years or so, several authors have applied the Mann
 w x. iteration method see, e.g., 28 and the Ishikara iteration method see, e.g.,
w x.23 to approximate fixed points of strong pseudo-contractions with
 .nonempty fixed-point sets and to approximate solutions when they exist
 .  .  w x w x w x w x w x w x w xof equations 4 and 5 see, e.g., 1 , 3 , 4]14 , 16]20 , 22 , 23 , 25]28 ,
w x w x w x.30 , 31]33 , 34]36 .
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w xIn 1995, Liu 27 introduced what he called the Ishikawa and Mann
iteration processes ``with errors'' for nonlinear strongly accretive mappings
as follows:
 .  4a For K a nonempty subset of E and T : K ª E, the sequence xn
 .  .defined by x g K, x s 1 y a x q a Ty q u ; y s 1 y b x q0 nq1 n n n n n n n n
b Tx q ¨ , n G 0, wheren n n
 .  4  4  .i a , b are two sequences in 0, 1 satisfying appropriaten n
conditions,
 . 5 5 5 5ii S u - `, S ¨ - `, is called the Ishikawa iteration processn n
with errors.
 .  .  4b With K, E, and T as in part a , the sequence x defined byn
 .  .x g K, x s 1 y a x q a Tx q u n G 0 , where0 nq1 n n n n n
 .  4  .i a is a sequence in 0, 1 satisfying appropriate conditions;n
 . 5 5ii S u - `,n
is called the Mann iteration process with errors.
While it is well known that consideration of errors in iterative processes
is an important aspect of the theory, it is also clear that the iteration
 .  .processes with errors introduced in a and b are unsatisfactory. The
5 5 5 5conditions S u - `, S ¨ - ` imply, in particular, that the errors tendn n
to zero. This is incompatible with the randomness of the occurrence of
w xerrors. Recently, Yuguang Xu 36 introduced the following satisfactory
definitions.
w xA Let K be a nonempty convex subset of E and T : K ª K a
 4`mapping. For any given x g K, the sequence x , defined iteratively0 n ns0
by
x s a x q b Ty q c u ; y s aX x q bX Tx q cX ¨ , n G 0,nq1 n n n n n n n n n n n n n
 4  4  4  4  4  X 4  X 4where u , ¨ are bounded sequences in K and a , b , c , a , b ,n n n n n n n
 X 4  . X X Xand c are sequences in 0, 1 such that a q b q c s 1 s a q b q cn n n n n n n
for all integers n G 0, is called the Ishikawa iteration sequence with errors.
w x w x X XB If, with the same notations and definitions as in A , b s c s 0n n
 4for all integers n G 0, then the sequence x now defined by x g K,n 0
x s a x q b Tx q c u , n G 0, is called the Mann iteration sequencenq1 n n n n n n
with errors.
Let E be a real Banach space. The modulus of smoothness of E is
defined by
1 5 5 5 5 5 5 5 5r t s sup x q y q x y y y 1: x s 1, y s t , t ) 0. .  4 .E 2
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 .  .qE is called uniformly smooth if lim r t rt s 0. L spaces 1 - p - `t ª 0 E p
w xare uniformly smooth. In uniformly smooth spaces, Xu 36 proved the
following theorem.
w xTHEOREM X 36 . Let E be a real uniformly smooth Banach space and T :
E ª E be a strongly accreti¨ e mapping. Define S: E ª E by Sx s x y Tx q
f ; x g E and suppose that the range of S is bounded. Suppose that the
 4`sequence x is defined by x g E,n ns0 0
x s a x q b Sy q c u , y s aX x q bX Sx q c ¨ , n G 0,nq1 n n n n n n n n n n n n n
X X X  .  4  4where a q b q c s 1 s a q b q c n G 0 ; u , ¨ are boundedn n n n n n n n
subsets of E. If there exists a solution of the equation Tx s f for some f g E,
 4`then for arbitrary x g E, the sequence x con¨erges strongly to the0 n ns0
unique solution of the equation Tx s f.
w xAs a consequence of Theorem X, Xu 36 also proved a convergence
theorem for fixed points of strong pseudo-contractions in uniformly smooth
Banach spaces. For the normal Ishikawa and Mann iteration process,
w xOsilike and the author 12 recently proved the following theorem.
THEOREM CO. Suppose E is an arbitrary real Banach space and K is a
nonempty closed con¨ex bounded subset of E. Suppose T : K ª K is a
 4  4uniformly continuous strong pseudo-contraction and a and b are realn n
 .sequences satisfying the following conditions: i 0 F a , b - 1, n G 0;n n
 .  .ii lim a s lim b s 0; and iii Sa s `. Then the sequencenª` n nª` n n
 4`x generated from an arbitrary x g K byn ns0 0
y s 1 y b x q b Tx , n G 0; x s 1 y a x q a Ty .  .n n n n n nq1 n n n n
con¨erges strongly to the fixed point of T.
We note that Theorem CO is a significant generalization of several
important results that have appeared on the iterative approximation of
 .fixed points of strong pseudo-contractions when they exist . The reader
w xmay consult 12 for corollaries to Theorem CO and extensions to more
general classes of nonlinear maps.
It is our purpose in this paper to extend Theorem CO to the Mann and
w x w xIshikawa iteration processes with errors in the sense of A and B . Further-
more, we shall prove that under reasonable assumptions, these iteration
 .  .processes also converge to the solutions of Eqs. 4 and 5 when T is a
strongly accretive self-map of E. Our theorems generalize, extend, and
unify several important recent results.
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2. PRELIMINARIES
In the sequel we shall make use of the following result.
 w x.LEMMA Liu 27 . Let r , s ,, and d be nonnegati¨ e real sequencesn n n
satisfying the following inequality:
r F 1 y t r q s q d n G 0 , 6 .  .  .nq1 n n n n
w x  .where t g 0, 1 , St s `, s s O t , and Sd - `. Then r ª 0 asn n n n n n
n ª `.
 .We observe that inequality 3 is equivalent to the following one:
 .  .  .:I y T y k x y I y T y k y, j x y y G 0, and this inequality implies
 w x.  .by Kato 24 that T is strongly pseudo-contractive with constant k g 0, 1
 .if and only if for all x, y g D T , the following inequality holds:
5 5x y y F x y y q s I y T y k x y I y T y k y 7 .  .  .
 .for all s ) 0. We shall also make use of inequality 7 in what follows.
3. MAIN RESULTS
We prove the following theorems.
3.1. Con¨ergence Theorems for Fixed Points
THEOREM 1. Suppose E is an arbitrary real Banach space and K is a
nonempty closed con¨ex and bounded subset of E. Suppose T : K ª K is a
 .uniformly continuous strong pseudo-contraction with constant k g 0, 1 . De-
 4`fine the sequence x iterati¨ ely by x , u , ¨ g K,n ns0 0 0 0
x s a x q b Ty q c u , 8 .nq1 n n n n n n
y s aX x q bX Tx q cX ¨ n G 0 , 9 .  .n n n n n n n
 4`  4`  4  4  4  X 4  X 4where u , ¨ are arbitrary sequences in K ; a , b , c , a , b ,n ns0 n ns0 n n n n n
 X 4  .and c are real sequences in 0, 1 satisfying the following conditions:n
 . X X X  . Xi a q b q c s 1 s a q b q c ; intergers n G 0; ii lim b s lim bn n n n n n n n
X  .  .s lim c s 0; iii Sb s q`; iv Sc - `.n n n
 4`Then x con¨erges strongly to the unique fixed point of T.n ns0
 .Proof. Set a [ b q c . Then the recursive formula 8 becomesn n n
 .  .x s 1 y a x q a Ty y c Ty y u , from which it follows thatnq1 n n n n n n n
x s 1 q a x q a I y T y k x y 1 y k a x .  .  .n n nq1 n nq1 n n
q 2 y k a 2 x y Ty q a Tx y Ty .  .  .n n n n nq1 n
w xq c 1 q 2 y k a Ty y u . 10 .  .n n n n
PSEUDO-CONTRACTIVE AND ACCRETIVE MAPS 259
w xThe existence of a unique fixed point for T follows from 15 . Let x*
 . be the fixed point of T. We observe that x* s 1 q a x* q a I yn n
.  .  .T y k x* y 1 y k a x*, so that combining this with Eq. 10 , we obtainn
that
x y x* s 1 q a x y x* .  .n n nq1
q a I y T y k x y I y T y k x* .  .n nq1
y 1 y k a x y x* q 2 y k a 2 x y Ty .  .  .  .n n n n n
q a Tx y Ty q c e Ty y u , 11 .  .  .n nq1 n n n n n
 .  .where e s 1 q 2 y k a F M for some constant M ) 0 . Hence, us-n n 1 1
 .  .ing inequality 7 with s [ a r 1 q a , we obtain thatn n
an
5 5x y x* G 1 q a x y x* q .  .n n nq1 1 q an
= I y T y k x y I y T y k x* .  .nq1
5 5 2 5 5y 1 y k a x y x* y 2 y k a x y Ty .  .n n n n n
5 5 5 5y a Tx y Ty y c e Ty y un nq1 n n n n n
5 5 5 5G 1 q a x y x* y 1 y k a x y x* .  .n nq1 n n
2 5 5y 2 y k a x y Ty . n n n
5 5 5 5ya Tx y Ty y c e Ty y u ,n nq1 n n n n n
so that
1 q 1 y k a . n 25 5 5 5 5 5x y x* F x y x* q 2 y k a x y Ty .nq1 n n n n1 q an
5 5 5 5qa Tx y Ty q c e Ty y un nq1 n n n n n
2 25 5 5 5F 1 y ka q a x y x* q 2 y k a x y Ty .n n n n n n
5 5 5 5qa Tx y Ty q c e Ty y un nq1 n n n n n
5 5 2F 1 y ka x y x* q a 3 y k M .  .n n n 2
5 5qa Tx y Ty q c e M , 12 .n nq1 n n n 4
for some constants M G 0, M G 0. Furthermore, set b [ bX q cX . Then2 4 n n n
 .  . X the recursion formula 9 becomes y s 1 y b x q b Tx y c Tx yn n n n n n n
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.¨ , so thatn
5 5 5 5 5 5x y y F x y x q y y xnq1 n nq1 n n n
F a q c diam ? K q b q cX diam ? K ª 0 .  .n n n n
5 5as n ª `, so that the uniform continuity of T implies Tx y Ty ª 0nq1 n
5 5 5 5as n ª `. Now set r [ x y x* , t [ ka ; s [ a Tx y Ty qn n n n n n nq1 n
2 .  .a 3 y k M and d [ c e M in inequality 12 and observe that t gn 2 n n n 4 n
w x  .  .0, 1 with St s kS b q c s q`; s s O a and Sd - `. An appli-n n n n n n
cation of the lemma now yields that r ª 0 as n ª `. This completes then
proof.
COROLLARY 1. Let E, K and T be as in Theorem 1. Define the sequence
 4`  4x iterati¨ ely by x , u g K, x s a x q b Tx q c u , where un ns0 0 0 nq1 n n n n n n n
 4  4  4is an arbitrary sequence in K, and a , b , and c are real sequences inn n n
 .  .0, 1 satisfying the following conditions: i a q b q c s 1 ; integers n G 0;n n n
 .  .  .ii lim b s 0; iii Sb s q`; iv Sc - `.n n n
 4`Then x con¨erges strongly to the unique fixed point of T.n ns0
3.2. Con¨ergence Theorems for the Equation Ax s f
THEOREM 2. Suppose E is an arbitrary real Banach space and A: E ª E
is a uniformly continuous strongly accreti¨ e operator. Suppose the range of
 .I y A is bounded. For a fixed f g E, define S: E ª E by Sx s f q x y Ax
 4`for each x g E. Define the sequence x iterati¨ ely by x , u , ¨ g E,n ns0 0 0 0
x s a x q b Sy q c u ; y s aX x q bX Sx q cX ¨ , n G 0,nq1 n n n n n n n n n n n n n
 4`  4`  4where u and ¨ are arbitrary bounded sequences in E, and a ,n ns0 n ns0 n
 4  4  X 4  X 4  X 4  .b , c , a , b , and c are real sequences in 0, 1 satisfying conditionsn n n n n
 .  .  4`i ] iv of Theorem 1. Then x con¨erges strongly to the unique solutionn ns0
of the equation Ax s f.
Proof. The existence of a solution to the equation follows from Deim-
w x  w x.ling 15 see also Martin 24 , and the uniqueness follows from the strong
accretivity condition of A. Let x* denote the solution. Observe that x*
 .  .  .: 5is a fixed point of S. Furthermore, I y S x y I y S y, j x y y G k x
5 2  .y y ; x, y g E, where k g 0, 1 is the strong accretivity constant of A.
So, S is strongly pseudo-contractive. Following the method of the proof of
Theorem 1, we obtain the following estimates:
2 25 5 5 5 5 5x y x* F 1 y ka q a x y x* q 2 y k a x y Sy .nq1 n n n n n n
5 5 5 5qa Sx y Sy q c e Sy y u . 12 .n nq1 n n n n n
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w  .xLet n be a positive integer such that 0 F a F 5kr8 1 q 2 2 y k for all0 n
n G n . Define0
8
5 5 5 5 5 5D [ sup Sx y x* q x y x* q sup e Sy y u .n n n n /  / 50k xgE nG1
5 5A simple induction now shows that for all n G n , x y x* F D, and so0 n
 4`  5 5.  5 5.x is bounded. Let d s max sup x , sup Sx ,n ns 0 n G 1 n x g E
 5 5.  5 5.4sup u , sup ¨ . Then, as in the proof of Theorem 1, sincenG1 n nG1 n
 4 5 5 x is bounded, x y y ª 0 as n ª `, so that by the uniformn nq1 n
. 5 5  .continuity of S , Sx y Sy ª 0 as n ª `. Inequality 12 now yieldsnq1 n
that
5 5 5 5 2 5 5x y x* F 1 y ka x y x* q M a q a Sx y Sy q M c , .nq1 n n 6 n n nq1 n 7 n
13 .
 .for some constants M G 0, M G 0. It now follows from inequality 13 , as6 7
5 5in the proof of Theorem 1, that x y x* ª 0 as n ª `, completing then
proof of Theorem 2.
COROLLARY 2. Let E, T , A, and S be as in Theorem 2. Define the
 4`sequence x iterati¨ ely by x , u g E, x s a x q b Sx q c u ,n ns0 0 0 nq1 n n n n n n
 4  4  4  4  4`n G 0, where u , a , b , and c are as in Theorem 2. Then xn n n n n ns0
con¨erges strongly to the unique solution of the equation Ax s f.
3.3. Con¨ergence Theorems for the Equation x q Tx s f
THEOREM 3. Suppose E is an arbitrary real Banach space and T : E ª E
is a uniformly continuous accreti¨ e operator. Suppose the range of T is
bounded. For a fixed f g E, define S*: E ª E by S*x s f y Tx for each
 4`x g E. Define the sequence x iterati¨ ely by x , u , ¨ g E,n ns0 0 0 0
x s a x q b S*y q c u , y s aX x q bX S*x q cX ¨ , n G 0,nq1 n n n n n n n n n n n n n
 4  4  4  4  4  X 4  X 4where u and ¨ are bounded sequences in E and a , b , c , a , b ,n n n n n n n
 X 4  4`and c are as in Theorem 2. Then x con¨erges strongly to the uniquen n ns0
solution of the equation x q Tx s f.
Proof. The existence and uniqueness of a solution follow as in the
proof of Theorem 2. Define A [ I q T , where I is the identity map of E.
Then x q Tx s f becomes Ax s f , where A: E ª E is uniformly continu-
 .ous and strongly accretive, and the range of I y A is bounded. Observe
U  .  . that S x s f y A y I x s f q I y A x s Sx where S is as defined in
.Theorem 2 . Theorem 3 now follows from Theorem 2.
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COROLLARY 3. Let E, T , A, and S be as in Theorem 3. Define the
 4`sequence x iterati¨ ely by x , u g E, x s a x q b Sx q c u ,n ns0 0 0 nq1 n n n n n n
 4  4  4  4  4  4`n G 0, where u , ¨ , a , b , and c are as in Theorem 3. Then xn n n n n n ns0
con¨erges strongly to the unique solution of the equation x q Tx s f.
4. CONVERGENCE THEOREMS FOR
HEMICONTRACTIONS
Suppose E is an arbitrary real Banach space. A mapping T with domain
 .  .  w x.D T and range R T in E is called a strict hemicontraction see 11 if
 .   . 4  .  .F T [ x g D T : Tx s x / B and for all x g D T , x* g F T , and
r ) 0 there exists t ) 1 such that
5 5 5 5x y x* F 1 q r x y x* y rt Tx y x* . .  .  .
It is clear that every strongly pseudo-contractive mapping with a nonempty
fixed-point set is strictly hemicontractive. An example of a strictly hemi-
w xcontractive mapping that is not strongly pseudo-contractive is given in 11 .
w xIt is also shown in 11 that T is strictly hemicontractive if and only if
 .  .  .: 5 5 2  .I y T x y I y T x*, j x y x* G k x y x* , for some j x y x* g
 .  .  .  .J x y x* and for all x g D T , x* g F T , where k s t y 1 rt. Conse-
quently, a close examination of our proofs in Section 3 shows that
Theorem 1 and Corollary 1 carry over to the slightly more general class of
uniformly continuous strict hemicontractions.
5. CONVERGENCE THEOREMS FOR
QUASI-ACCRETIVE MAPS
 .  .   .Let T : D T : E ª E be a mapping such that N T [ x g D T :
4  .Tx s 0 / B. Then T is called quasi-accreti¨ e if there exists j x y x* g
 .J x y x* such that
 :Tx y Tx*, j x y x* G 0, ; x g D T , x* g N T , .  .  .
 .  .and is called strongly quasi-accreti¨ e if for each x g D T and x* g N T
 .  .  .there exist j x y x* g J x y x* and k g 0, 1 such that
 : 5 5 2Tx y Tx*, j x y x* G k x y x* .
Again, it is easy to see that our proof of Theorem 2 carries over to the
class of uniformly continuous strongly quasi-accretive maps, while the
proof of Theorem 3 carries over to uniformly continuous quasi-accretive
maps.
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6. CONVERGENCE THEOREMS FOR SET-VALUED MAPS
E  .  4Let T : K ª 2 with F T [ x g K : x g Tx / B. The set-valued
map T is called strictly hemicontracti¨ e if, for each x g K, j g Tx, and
 .x* g F T , there exists t ) 1 such that for all r ) 0,
5 5 5 5x y x* F 1 q r x y x* y rt j y x* . .  .  .
Set-valued strong pseudo-contractions, strongly accretive maps, strongly
quasi-accretive maps, etc. are similarly defined. We remark immediately
that all of our theorems in this paper hold when the mappings are
set-valued, provided that these mappings admit single-valued selections. In
such a case, each operator in the recursion formula is replaced by its
single-valued selection. We omit the details.
Remark. Suitable choices for the real sequences in our theorems are
the following:
n n 1
X X Xa s s a ; b s s b ; c s s c .n n n n n n2 2n q 1 n q 1 n q 1 .  .
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